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Dissipation is generally thought to affect the quantum nature of the system in an adverse manner,
however we show that dissipatively coupled nano systems can be prepared in states which beat the
standard quantum limit of the mechanical motion. We show that the reactive coupling between the
waveguide and the microdisk resonator can generate the squeezing of the waveguide by injecting a
quantum field and laser into the resonator through the waveguide. The waveguide can show about
70–75% of maximal squeezing for temperature about 1–10 mK. The maximum squeezing can be
achieved with incident pump power of only 12 µW for a temperature of about 1 mK. Even for
temperatures of 20 mK, achievable by dilution refrigerators, the maximum squeezing is about 60%.
PACS numbers: 42.50.Wk, 42.82.Et, 42.50.Lc
I. INTRODUCTION
Methods for beating the standard quantum limit of ra-
diation fields have become fairly standard. Most methods
are based on nonlinear interactions of the field in a highly
nonlinear medium. The question of beating the quantum
limit of the mechanical motion which could range from
kHz to GHz range is attracting increasing attention [1–
13]. Fortunately a nano mechanical mirror [NMO] placed
in an optical cavity interacts with the field in the cav-
ity in nonlinear fashion and this can be described by a
nonlinear Hamiltonian. A scheme to beat the standard
quantum limit for mechanical motion is to drive the sys-
tem by a combination of a laser field and squeezed light
such that the beat frequency matches the frequency of
the NMO [14]. More recently other designs of NMO
have been used [15–18]. These have certain attractive
features and appear quite versatile; for example, in the
design of Li et al. [15], the nano waveguide interacts re-
actively with the microdisk resonator. In other words
the fields leak from resonator to the waveguide. Even
though the coupling is of dissipative nature such a sys-
tem exhibits several novel features such as normal mode
splitting which traditionally was a feature of two strongly
coupled oscillators described by the Hamiltonian frame-
work [19–22].
In this paper, we go one step further. We give first ex-
ample of dissipative nonlinear coupling produced quan-
tum fluctuations of the mechanical motion of the waveg-
uide which are below the standard quantum limit. This is
rather counterintuitive, as dissipation is always thought
to produce negative effects, i.e., is generally thought to
suppress the quantum nature of the system.
The paper is organized as follows. In Sec. II, we intro-
duce the model, present the equation of motion for the
system, and give the mean values of the system operators
in steady state. In Sec. III, we calculate the quantum
fluctuations in the mechanical motion of the waveguide
and obtain the variance of momentum of the waveguide.
In Sec. IV, we present the numerical result and show that
the reactive coupling can reduce the momentum fluctua-
tions of the waveguide below the standard quantum limit.
The numbers are rather attractive; for example, at a tem-
perature of 20 mK, achievable by a dilution refrigerator,
the maximum momentum squeezing of the waveguide is
about 60%.
II. MODEL
Let us consider a free-standing waveguide with length
L interacting with a microdisk resonator [15]. Suppose
a laser with amplitude εl at frequency ωl drives the res-
onator mode c, and a quantum field cin at frequency ωs
is sent into the resonator through the waveguide with
mass m and frequency ωm. For convenience, we adopt
the notation Q =
√
2mωm
~
q and P =
√
2
m~ωm
p for the di-
mensionless position and momentum quadratures of the
waveguide with [Q,P ] = 2i. The waveguide vibrates
along the y direction due to the dispersive and reactive
couplings with the resonator, which are characterized by
the position dependence of the resonator resonance fre-
quency ωc(Q) and the photon decay rate κe(Q), respec-
tively. Moreover, the waveguide is damped at a rate of
γm due to its interaction with its environment at a low
temperature T .
In a frame rotating at the laser frequency ωl, the
Hamiltonian describing the whole system takes the form
[15]
H = ~[ωc(Q)− ωl]c†c+ ~ωm
4
(Q2 + P 2) + ~
L
c
n˜gωlε
2
l
+i~
√
2κe(Q)[εl(c
† − c) + c†cin − c†inc].
(1)
where the first two terms describe the free energies of
the resonator and the waveguide, respectively. The third
term is the interaction between the waveguide and the
laser, c is the speed of light in vacuum, n˜g is the group
index of the waveguide optical mode [23], and εl is related
to the input power ℘l by εl =
√
℘l
~ωl
. The last term gives
2the interactions of the resonator with the laser and the
quantum field. The characteristics of the quantum field
would be specified later.
For a small displacement Q, we can assume that both
ωc(Q) and κe(Q) are coupled linearly to the displacement
Q,
ωc(Q) ≈ ωc + gQ,
κe(Q) ≈ κe + κomQ = κe(1 + ηQ),
(2)
where ωc is the resonator resonance frequency for Q = 0,
κe is the photon decay rate for Q = 0, and g and κom are
the dispersive and reactive coupling constants between
the waveguide and the resonator, respectively. We set
η =
κom
κe
. Since in the scheme of Li et al. [15] the effects
of reactive coupling are dominant, we will take g ∼ 0.
For simplicity, we assume that there is no intrinsic pho-
ton losses. Employing the Heisenberg equation of motion
and adding the damping and noise terms, the equations
of motion for Q, P , and c can be expressed as
Q˙ = ωmP,
P˙ = −iη[ε˜l(c† − c) +
√
2κe(c
†cin − c†inc)]
−ωmQ− γmP + ξ,
c˙ = −[κe + κomQ+ i(ωc − ωl)]c
+(1 +
η
2
Q)(ε˜l +
√
2κecin), (3)
where ε˜l =
√
2κeεl, and we have introduced ξ as the
thermal noise force acting on the waveguide with stan-
dard correlation [24]. We first examine the mean values
of the physical variables in steady state. These can be ob-
tained by using the factorization ansatz i.e. mean value
of the product of two operators is the same as the product
of the mean values. We find that these are given by
Ps = 0,
Qs = − 2η
ωm
ε˜lIm[cs],
cs =
(1 +
η
2
Qs)ε˜l
κe + κomQs + i∆
, (4)
where the resonator detuning ∆ is defined by
∆ = ωc − ωl. (5)
Note that the steady-state position Qs of the waveguide
and the steady-state complex amplitude cs of the res-
onator depend on η. In obtaining results (4) we assumed
that the quantum field cin had zero mean value. This
would be the case generally unless the quantum field is a
coherent field. We already examined the case of a coher-
ent field in a previous publication [22].
III. BEATING THE MOTIONAL QUANTUM
LIMIT FOR THE WAVEGUIDE
In this section, we investigate whether the motional
quantum limit for the waveguide can be beaten even
when the basic coupling is reactive. This would be quite
counterintuitive as the dissipation generally leads to the
loss of decoherence and fluctuations above the quantum
limit. The fluctuations in q and p are subject to the
Heisenberg uncertainty relation. For the mechanical os-
cillator in ground state one has 〈δq2〉 = ~2mωm 〈δQ2〉 and
〈δp2〉 = m~ωm2 〈δP 2〉, in which 〈δQ2〉 = 〈δP 2〉 = 1. Thus
the reduction of fluctuations below unity is an indication
that the standard quantum limit is broken. The question
is if the fluctuations in either Q or P can go below the
value unity.
Since we are interested in the squeezing of the waveg-
uide, it is instructive to calculate the fluctuations of the
system’s operators around their steady state values. Pro-
vided that the steady-state amplitude of the resonator
satisfies |cs| ≫ 1, we linearize Eq. (3) around its steady-
state value by substituting Q = Qs + δQ, P = Ps + δP ,
and c = cs+δc into Eq. (3), where δQ, δP , and δc are the
small fluctuations with zero mean value. After lineariza-
tion, the quantum Langevin equations can be written in
the form
f˙(t) = Zf(t) + F (t), (6)
where
f(t) =


δQ
δP
δc
δc†

 , (7)
and Z is a 4 × 4 matrix, and the quantum noise F (t) is
given by
F (t) =


0
ξ − iη√2κe(c∗scin − c†incs)
Jcin
Jc†in

 , (8)
in which J =
√
2κe(1 +
η
2Qs).
With the aid of the Fourier transform i.e.,
f(t) = 12pi
∫ +∞
−∞
f(ω)e−iωtdω and f †(t) =
1
2pi
∫ +∞
−∞
f †(−ω)e−iωtdω, where f †(−ω) = [f(−ω)]†,
we solve Eq. (6) in the frequency domain, and obtain
the solution of Eq. (6)
f(ω) = V F (ω), (9)
where V = (−iω − Z)−1. From Eq. (9), we can obtain
the fluctuations in the momentum variable
δP (ω) = PT (ω)ξ(ω) + PS(ω)cin(ω) + P
∗
S(−ω)c†in(−ω),
(10)
3in which
PT (ω) =
−iω
d(ω)
A(ω)A∗(−ω),
PS(ω) = η[
ωε˜l
d(ω)
A(ω)J − i√2κec∗sPT (ω)], (11)
where
d(ω) = A(ω)A∗(−ω)R− iηε˜lωm[A(ω)U −A∗(−ω)U∗],
(12)
and
A(ω) = κe + κomQs − i(∆ + ω),
R = ω2m − ω2 − iγmω,
U = −κomcs + η
2
ε˜l. (13)
In Eq. (10), the first term results from the thermal
environment of the waveguide, the last two terms arise
from the input quantum field. Thus the fluctuations in
the momentum variable in the time domain would be
δP (t) = 12pi
∫ +∞
−∞
δP (ω)e−iωtdω. Further the variance of
momentum 〈δP˜ 2〉 can be expressed as
〈δP (t)2〉 = 1
4pi2
∫ ∫ +∞
−∞
dωdΩe−i(ω+Ω)t〈δP (ω)δP (Ω)〉.
(14)
Inserting Eq. (10) into Eq. (14), 〈δP (t)2〉 can be written
as
〈δP (t)2〉 = 1
4pi2
∫ ∫ +∞
−∞
dω dΩ e−i(ω+Ω)t
{PT (ω)PT (Ω)〈ξ(ω)ξ(Ω)〉
+2Re[PS(ω)PS(Ω)〈cin(ω)cin(Ω)〉]
+PS(ω)P
∗
S(−Ω)〈cin(ω)c†in(−Ω)〉
+P ∗S(−ω)PS(Ω)〈c†in(−ω)cin(Ω)〉}. (15)
We assume that the quantum field is a squeezed field
centered around the frequency ωs with a finite width,
〈cin(ω)cin(Ω)〉 = 2pi MΓ
2
Γ2 + (ω − ωm)2 δ(ω +Ω− 2ωm),
〈cin(ω)c†in(−Ω)〉 = 2pi
[
NΓ2
Γ2 + (ω − ωm)2 + 1
]
δ(ω +Ω),
(16)
where N = sinh2(r) and M = sinh(r) cosh(r)eiϕ charac-
terize the squeezed vacuum, r is the squeezing parameter
of the squeezed vacuum, ϕ is the phase of the squeezed
vacuum, and we set ϕ = 0. We work in the sideband
resolved limit i.e. we assume that ωs − ωl = ωm. The
squeezed vacuum has a finite bandwidth Γ around ωm,
which is smaller than ωm but larger than the resonator
width. The antinormally ordered term has a broad band
contribution coming from vacuum noise. Moreover, the
thermal noise ξ owns the correlation function [24]:
〈ξ(ω)ξ(Ω)〉 = 4piγm ω
ωm
[
1 + coth
(
~ω
2KBT
)]
δ(ω +Ω),
(17)
where KB is the Boltzmann constant.
Substituting Eqs. (16) and (17) into Eq. (15), the time
independent variance 〈δP 2〉 will be
〈δP 2〉 = 1
2pi
∫ +∞
−∞
dωPT (ω)PT (−ω)2γm ω
ωm
[
1 + coth
(
~ω
2KBT
)]
+2Re
[
1
2pi
∫ +∞
−∞
dνPS(ωm + ν)PS(ωm − ν) MΓ
2
Γ2 + ν2
]
+2
[
1
2pi
∫ +∞
−∞
dν|PS(ωm + ν)|2 NΓ
2
Γ2 + ν2
]
+
1
2pi
∫ +∞
−∞
dω|PS(ω)|2.
(18)
The details of the calculations are given in Appendix A. IV. NUMERICAL RESULTS FOR NANO
WAVEGUIDE FLUCTUATIONS BELOW
STANDARD QUANTUM LIMIT
We use available experimental parameters [15]: the
wavelength of the laser λ = 2pic/ωl = 1564.25 nm,
4the mass of the waveguide m = 2 pg (the density of
the silicon waveguide 2.33 g/cm3, length 10 µm, width
300 nm, height 300 nm), the frequency of the waveg-
uide ωm = 2pi × 25.45 MHz, the extrinsic photon de-
cay rate κe = 0.05ωm, the reactive coupling constant
κom = −2pi × 26.6 MHz/nm ×
√
~
2mωm
, the mechanical
quality factor Q = ωm/γm = 5000, and the bandwidth
of the squeezed vacuum Γ = 5κe.
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FIG. 1: (Color online) The variance of momentum 〈δP 2〉 as
a function of the detuning ∆ (2pi × 106Hz) for different tem-
peratures of the environment: T = 1 mK (red solid), T = 10
mK (blue dotted), T = 50 mK (purple dashed), and T = 100
mK (green dotdashed). The horizontal dotted line represents
the standard quantum limit (〈δP 2〉=1). The parameters: the
pump power ℘l = 20 µW, r = 1.
We start the investigation with the influence of the
reactive coupling on the squeezing of the waveguide. If
the quantum field is the ordinary vacuum (r = 0), we
calculate the variances of position and momentum, and
find that 〈δQ2〉 and 〈δP 2〉 are always larger than unity,
there is no squeezing appearance. If the quantum field is
the squeezed vacuum, and r = 1, it has been found that
there is no squeezing in the variance of position 〈δQ2〉,
but the variance of momentum 〈δP 2〉 may be squeezed.
For pump power ℘l = 20 µW, the variances of momen-
tum 〈δP 2〉 versus the detuning ∆ (2pi×106 Hz) for differ-
ent temperatures of the environment are shown in Fig.
1. For T = 1, 10, or 50 mK, we can see the variance
of momentum 〈δP 2〉 falls below the standard quantum
limit, so the momentum squeezing takes place. The min-
imum value of 〈δP 2〉 is about 0.250 at T = 1 mK, this
shows the maximum momentum squeezing of the waveg-
uide is about 75 %. Note that the maximum momentum
squeezing of the waveguide decreases with increasing the
temperature due to large thermal noise. Even at T = 50
mK, the momentum squeezing is about 40%.
Next we consider the resonance case ∆ = ωm in the
presence of the reactive coupling, and fix r = 1, the
dependence of the variance of momentum 〈δP 2〉 on the
pump power ℘l (µW) for T = 1 and 20 mK is shown in
Fig. 2. It is seen that the variance of momentum 〈δP 2〉
clearly exhibits the squeezing effect over a large range of
pump power (℘l = 0 ∼ 290 µW). The minimum value
of 〈δP 2〉 is 0.243 at a very low pump power (℘l = 12
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FIG. 2: (Color online) The variance of momentum 〈δP 2〉 as a
function of the pump power (µW) for different temperatures
of the environment: T = 1 mK (red solid) and T = 20 mK
(green dotdashed). The horizontal dotted line represents the
standard quantum limit (〈δP 2〉=1). The parameters: ∆ =
ωm, r = 1.
µW) for T = 1 mK, so the maximum momentum squeez-
ing of the waveguide is about 75 %. For T = 20 mK,
the maximum momentum squeezing is about 60%. Note
that temperatures like 20 mK are realizable by standard
dilution refrigerators [25].
V. CONCLUSIONS
We have shown that quantum squeezing effects in the
motion of the waveguide can be generated solely due to
the reactive coupling between the waveguide and the res-
onator by use of a squeezed vacuum. The maximum mo-
mentum squeezing is about 75%, which can be achieved
at a very low pump power (℘l = 12µW). We show in the
Appendix B the relation between the quantum fluctua-
tions of the waveguide and the output field. Thus the
squeezing of nano waveguide can be studied by examin-
ing the fluctuations of the output field of the waveguide.
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APPENDIX A: THE VARIANCE OF
MOMENTUM-DERIVATION OF EQUATION EQ.
(18)
With the aid of Eq. (17), the first term of Eq. (15) is
1
4pi2
∫ ∫ +∞
−∞
dω dΩ e−i(ω+Ω)tPT (ω)PT (Ω)〈ξ(ω)ξ(Ω)〉
=
1
2pi
∫ +∞
−∞
dωPT (ω)PT (−ω)2γm ω
ωm
[
1 + coth
(
~ω
2KBT
)]
.
(A1)
5Then with the help of Eq. (16), the second term of Eq.
(15) will be
1
4pi2
∫ ∫ +∞
−∞
dω dΩe−i(ω+Ω)tPS(ω)PS(Ω)〈cin(ω)cin(Ω)〉
=
1
2pi
∫ +∞
−∞
dν e−2iωmtPS(ωm + ν)PS(ωm − ν) MΓ
2
Γ2 + ν2
,
(A2)
and the third term of Eq. (15) becomes
1
4pi2
∫ ∫ +∞
−∞
dω dΩe−i(ω+Ω)tPS(ω)P
∗
S(−Ω)〈cin(ω)c†in(−Ω)〉
=
1
2pi
∫ +∞
−∞
dν|PS(ωm + ν)|2 NΓ
2
Γ2 + ν2
+
1
2pi
∫ +∞
−∞
dω|PS(ω)|2.
(A3)
Therefore, the variance 〈δP (t)2〉 can be calculated by
〈δP (t)2〉 = 1
2pi
∫ +∞
−∞
dωPT (ω)PT (−ω)2γm ω
ωm
[
1 + coth
(
~ω
2KBT
)]
+2Re
[
1
2pi
∫ +∞
−∞
dνe−2iωmtPS(ωm + ν)PS(ωm − ν) MΓ
2
Γ2 + ν2
]
+2
[
1
2pi
∫ +∞
−∞
dν|PS(ωm + ν)|2 NΓ
2
Γ2 + ν2
]
+
1
2pi
∫ +∞
−∞
dω|PS(ω)|2.
(A4)
The variance has terms oscillating at twice the frequency
of the nanomechanical oscillator. These terms can be
removed in the standard way by working in an interaction
picture defined with respect to the frequency ωm. This is
equivalent to setting e±2iωmt as unity, hence (A4) leads
to Eq. (18).
APPENDIX B: RELATION BETWEEN THE
QUANTUM FLUCTUATIONS OF NANO
WAVEGUIDE AND THE OUTPUT FIELD
In the following, we show the squeezing of the waveg-
uide can be measured through the y component of
the output field. Using the input-output relation [26]
cout(t) =
√
2κe(Q)c(t), the fluctuations of the output
field can be written as
δcout(ω) = Jδc(ω) +
η
2
√
2κecsδQ(ω)
= Jδc(ω) +
η
2
√
2κecs
iωm
ω
δP (ω).
(B1)
From Eq. (9), we find the fluctuations of the resonator
field
δc(ω) =
1
A∗(−ω) [
iωm
ω
UδP (ω) + Jcin(ω)]. (B2)
Combining Eqs. (B1) and (B2), and defining the y com-
ponent of the output field as δyout(t) = i[δc
†
out(t) −
δcout(t)] so that δyout(ω) = i[δc
†
out(−ω) − δcout(ω)], one
can write the fluctuations in the momentum variable of
the waveguide in terms of the y component of the output
field
6δP (ω) = − ω
ωm
× A(ω)A
∗(−ω)δyout(ω)− J2i[A∗(−ω)c†in(−ω)−A(ω)cin(ω)]
η
2
√
2κe(c
∗
s − cs)A(ω)A∗(−ω) + J [A∗(−ω)U∗ −A(ω)U ]
. (B3)
It is seen that the fluctuations in the momentum variable
of the waveguide is related to the y component of the
output field.
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